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The tangent formula has been applied to X-ray data from crystals of vitamin B12-5'-phosphate and 
myoglobin to evaluate its effectiveness as a method for structure elucidation for large molecule crystal 
structures. A stable, self-consistent phase solution for the tangent formula has been shown to exist for 
the orthorhombic Ba2-phosphate data. This solution was near the correct solution and could be reached 
through partial atom phasing at 1.2, 2 or 2.5 A, followed by tangent-formula refinement. A test calcula- 
tion also indicated that a single isomorphous derivative could have been used to solve the structure. 
A method for calculating the standard deviation of the vector distribution of a tangent formula phase 
prediction has been described; this can be used as a weighting factor for Fourier series calculations. 
The weighted I FI maps for B12-phosphate were better than the E maps, with less spurious density and 
sharper peaks. 

Calculations for myoglobin were less successful, partly because P21 is a polar low-symmetry space 
group. Phases were derived for 1.4 A data by starting with the most reliable isomorphous replacement 
phase angles to 2 A resolution, and holding 10 % of these constant during refinement. The weighted 
I FI maps and E maps calculated with refined phases were comparable with the 2 A isomorphous re- 
placement electron density maps from which the structure was derived. The tangent formula should be 
more useful for protein crystals of higher symmetry, as suggested by the Ba2-phosphate experiments. 

Approaches for using the tangent formula with proteins are discussed, and a description of the pro- 
gram is included as an Appendix. 

Introduction 

The tangent formula  is an expression relating the phase 
angle of a crystallographic reflection to the phases of 

other reflections within the data set. It was derived by 
Karle & Haup tman  (1956) f rom a consideration of  tke 
theory of the jo int  probabil i ty distribution of  phase 
angles in noncentrosymmetr ic  crystal structures. The 
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equation has proved to be a valuable tool for predicting 
probable values for phase angles based on a small num- 
ber of known related phases in a variety of crystal struc- 
tares (Karle, 1964; Karle & Karle, 1966b). Initial pha- 
ses are either derived directly by applying inequalities 
or statistical formulas (Karle & Karle, 1966a) or in- 
directly by locating some of the atoms in the unit cell 
by the Patterson method or other techniques (Karle, 
1968; Coulter, Hawkinson & Friedmann, 1969). 

The use of direct methods in protein crystallography 
was first considered by Crick (cited in Cochran, 1952) 
for hemoglobin. Cochran (1952, 1955) analyzed several 
phase relations from both a statistical and a Fourier 
series point of view, and also explicitly discussed the 
question of phase extension (i.e. the prediction of phase 
angles for high sin0 reflections from known phases for 
lower sin0 reflections). Recently, primary emphasis in 
protein crystallography has been placed upon the use 
of the tangent formula and other techniques to improve 
or extend a set of phases based on one or more crystal- 
line heavy-atom derivatives isomorphous with the par- 
ent protein crystals. Bijvoet (1952) has discussed the 
relationship of isomorphous replacement to phase 
determination. Coulter (1965) and Weinzierl, Eisen- 
berg & Dickerson (1969) have explored the use of the 
tangent formula to choose between the two possible 
phase angles indicated for a general reflection by a 
single isomorphous derivative. Weinzierl et al. also 
investigated the improvement of low resolution phases 
by this means, and Reeke & Lipscomb (1969) studied 
both phase improvement and phase extension. Hoppe 
(1963), Gassmann (1966), Hoppe & Gassmann (1964, 
1968) and Karle (1968) have considered approaches 
involving Fourier, least-squares and probability meth- 
ods for improving phases for partially known or 
poorly determined structures. The emphasis in this 
paper is on applications of the tangent formula to 
X-ray diffraction data from large biological mole- 
cules. 
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Fig. 1. Wilson plot  for  the v i tamin  Bi2-5 ' -phosphate  data.  
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Analysis 

Hughes (1953) derived the equation: 

U n = N( Uk Uh-k)k, (1) 

which is applicable to a crystal structure containing N 

equal atoms. Here, Uh(= ~ ) is the unitary struc- 
° ~  

ture factor for reflection h(= h,k,l). Cochran (1955) and 
Karle & Karle (1966a) derived similar expressions from 
probability considerations; the following equation is 
from the Karles' paper: 

~h = N1/2(d;,~h-k)k, (2) 

where the 6°, are quasi-normalized structure factors 
(Karle & Hauptman, 1959) defined as: 

N 
~h=a~ -1/2 ~ Zj exp(2zrik.rj). (3) 

j = l  

Here Zj is the atomic number of the jth atom having 
coordinates represented by the vector rj in a unit cell 

N 
containing N atoms, and an = ~ Zt]. Equations (1) and 

]=1 
(2) require that the expected values of the amplitudes, 
(IOhl), and phases, @n), be related to I~k~h-kl and 
(c&+q~h-k) respectively for noncentrosymmetric sys- 
tems. Karle & Hauptman (1956) have found an approx- 
imate relation, equation (4), by probability methods 
which does not assume equal atoms but is clearly com- 
parable with equation (1) or (2). 

3/2 --1 g~h~--a2 a 3 <~k~.-k)k . (4) 
If we express the complex number ~h in terms of its 
real and imaginary parts and divide we get equation (5) 

(l°~k~n-kl sin(q~k + q~,-k))k 
tan ~pi,_ ~ (l~eh--klCOS(~k+~h--k))~ (5) 

which is the tangent formula. This relation was derived 
and applied by Karle & Hauptman (1956). Karle & 
Karle (1966a) have shown that equation (4) can be used 
to derive equation (6): 

(fill '~ ((/)k "]- ~h-k)kr  (6) 

where the average is now over the subset of indices, k,, 
corresponding to large normalized structure factors. 
Equation (6), the ~2 relation, is analogous to equations 
(1) and (2), and was suggested by the analyses of 
Karle & Hauptman (1950) and Sayre (1952); this rela- 
tion is extensively used in the early stages of the direct 
solution of the phase problem for noncentrosymmetric 
crystal structures. 

Some important operational aspects of equation (6) 
were considered by Cochran (1955); he concluded that 

the ~2 relation is best satisfied when f ~ d V  is a maxi- 
,J I) 

mum positive, where Qv is a partial term Fourier series 
with coefficients based on point atoms. Equation (6) 
corresponds to the unweighted tangent formula applied 
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to reflections with large values of E (normalized struc- 
ture factors, Eh, are used in place of the quasi-normalized 
d°b values in application). Thus one view of the pre- 
dicted behavior of the tangent formula is that it will 
adjust phases so as to increase density at points where 
it exists in the partial Fourier series, thus maximizing 

Iv Q~d V. The maximization condition is necessarily satis- 

fied to a greater extent when the structure contains a 
region of high electron density. Phase refinement can 
thus, in the extreme case, lead to a single heavy atom 
in the unit cell. This solution fits equation (6) very well, 
and equation (5) less well since the calculated ampli- 
tudes would not agree with IEIobs. Cochran (1952) has 
shown that the probabilitiy of 0~ having significant 
positive values at atom sites is high even with very few 
terms in the Fourier series. Thus the normal result on re- 
finement is to increase density at atom sites, revealing 
the structure. Cochran's criterion for fit is a useful 
general guide to monitoring tangent-formula behavior. 
It also appears to be compatible with the observation of 
Reeke & Lipscomb (1969) that refined phase angles for 
the carboxypeptidase-A data gave sharper Fourier peak 
definition accompanied by distortion of some groups. 

Experimental 

A number of different techniques for applying the 
tangent formula have been used. The most obvious ap- 
proach is to take all the data for which [E[ > 1.5 or 1.0 
and for which phase angles are available and iteratively 
refine these data to convergence. Data to be used in 
predicting phases [i.e. on the right side of equation (5)] 
are selected on the basis of previous phase shifts, the 
magnitude of the calculated E (Karle & Karle, 1966b) 
or other criteria. This procedure generally gives accept- 
able results with structures for which full data are 
available when the initial phases are assigned on the 
basis of part of the structure, located in the cell by 
other means. This procedure is less controlled and more 
prone to give trivial solutions or to diverge than the 
other methods. A more sophisticated approach utilizes 
the most accurate phase angles initially, and only grad- 
ually includes other large E phases in the predicting 
group. The initial assessment of accuracy can be made 
by Sim's (1959, 1960) method based on the distribution 
of phases, by IFol-lFcl agreement (Karle, 1968) or 
by using figures-of-merit from protein multiple iso- 
morphous replacement phase-determination (Dicker- 
son, Kendrew & Strandberg, 1961). A variant of this 
method is to hold the initial phases, judged to be the 
most accurate, constant and to use these data to predict 
phase angles for other reflections having large values 
of E. The most reliable of the newly predicted phases 
are then added to the initial gro up for further predic- 
tion cycles. The latter two procedures have been suc- 
cessfully applied to biological crystal structures. The 
final solution is the same as that reached by the first 
technique for cases where both methods have been 

applied, provided all phases are eventually allowed to 
vary. 

X-ray diffraction data from crystals of vitamin B1z- 
5'-phosphate (Coulter, Hawkinson & Friedmann, 1969; 
Hawkinson, Coulter & Greaves, 1970)and myoglobin 
(Bodo, Dintzis, Kendrew & Wyckoff, 1959; Kendrew, 
1963) were used in this study. The Blz-phosphate data 
wei:e collected from an air dried crystal using a PAIL- 
RED linear diffractometer and Cu Ke radiation from 
a silicon monochromator. All reflections to 20=75 ° 
(drain= 1"2 A) were scanned and 2112 observed reflec- 
tions were used in the analysis. The myoglobin data 
to 2 A resolution were recorded on precession films 
which were then scanned using Joyce-Loebl recording 
microdensitometers. The 2 to 1.4 A data were collected 
with a linear diffractometer (Arndt & Phillips, 1961) 
and considerably overlapped the 2 A data set so as to 
allow for scaling the two sets of intensities together. 
There were 9250 observed reflections to 2A, and 16,858 
observations in the 1.4 i t  data set. Very few reflections 
were observed beyond 1.3 A for vitamin B12-5'-phos- 
phate, and some high resolution myoglobin data ex- 
tended to 1.3 A; thus the data for these two cases were 
of comparable resolution. The B12-phosphate crystals 
are orthorhombic, space group P2~2121, with a =  23-72, 
b = 21"74, c = 16"07 A and four B12-phosphate molecules 
and about 60 water molecules per unit cell. Sperm- 
whale myoglobin crystals are monoclinic, space group 
P21, with a=64.5, b=30.86, c=34-7 A, ]?=106 ° and 2 
protein molecules per cell, along with appreciable 
amounts of solution [aqueous (NH4)2SO4]. The ex- 
periments with the vitamin B12-5'-phosphate data were 
more extensive than those with rnyoglobin because the 
structure is small enough to permit extensive analysis 
under different conditions; also, the orthorhombic sym- 
metry makes it a more favorable case for tangent-for- 
mula applications. The two crystal structures are not 
directly comparable, but they are similar enough in 
resolution of the data and moleculer features for the 
Blz-phosphate results to suggest what might be done 
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Fig. 2. K curve for the 1.4 .~ myog]obin data which was used 
to scale and correct the data for temperature factor effects 
(Katie & Hauptman, 1953). 
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with protein data from crystals of orthorhombic or 
higher symmetry. 

In order to apply the tangent formula to these struc- 
tures, the amplitudes first had to be normalized to give 
[El values. For vitamin Blz-5'-phosphate the temper- 
ature factor and scale factor were derived from the Wil- 
son (1942) plot shown in Fig. 1. For myoglobin, the K- 
curve method suggested by Karle & Hauptman (1953) 
was used, since this does not assume an exponential 
intensity decrease with sin& The results for the 2 A. 
myoglobin data are summarized in Table 1, and Fig. 2 
shows the correction curve for the myoglobin data. 

Table 1. Myoglobin E statistics 

Observed Theoretical 
Quantity hOl hkl Centric Acentric 
(IEI) 0.857 0.897 0.798 0.886 
(Igl z) 1.11 1.02 1.000 1.000 
(Igl 2 -  1 ) 1.02 0.742 0.968 0.736 
% > 1.0 37 32 37 

Tangent formula experiments 

The experiments in which the B~z-phosphate data were 
used are summarized in Table 2. Three to 5 cycles of 
tangent-formula refinement were carried out in each 
of these experiments using program TANG described 
in the Appendix. All the phases were predicted in each 
cycle, and reflections for which the predicted phase 

Fig. 3. Fraction of maximum possible contribution found for 
phase ~0h. 

shift was over 50 ° or for which [Eleale was less than 
0.5 were not used in predicting other phases. Phase- 
angle comparisons and Fourier syntheses were used to 
evaluate the results. It was somewhat evident in the 
B~z-phosphate work, and very evident in the early pro- 
tein studies, that E maps were not very satisfactory 
substitutes for electron density maps in cases where the 
resolution of the data was poor and the structures were 
not highly over-determined. In addition, for the protein 
case, the tangent formula seems likely to be most useful 
in conjunction with isomorphous replacement phase 
information. One alternative to an E map is a weighted 
Fourier series calculation, with the coefficients as- 
signed a weight based on the phase-angle reliability 
as suggested by Blow & Crick (1959). In the multiple 
isomorphous replacement method the figure-of-merit 
(Dickerson, Kendrew & Strandberg, 1961) corresponds 
roughly to the cosine of the mean error in phase angle 
for a reflection, and is used as a weighting factor in 
the Fourier synthesis. Karle & Karle (1966a) have de- 
rived a variance formula based on the phase-probability 
distribution which is useful in the early stages of the 
direct determination of phase angles using the tangent 
formula. Variance estimates for cytochrome-c (Wein- 
zierl et al., 1969) and carboxypeptidase-A (Reeke & 
Lipscomb, 1969) were only weakly correlated with the 
correctness of the phases, and the standard deviation of 
the vector distribution itself may be more useful. Each 
contributor to equation (5) for a given phase prediction 
is a vector of magnitude [EuEh_k[ and phase q~k + ~0h-k; 
the sharpness of the total vector distribution is reflected 
in the fraction of the maximum possible contribution 
found for this phase, which is r in Fig. 3. 

Expressing equation (5) as tan ~0b= N/D, r is given 
by equation 

r - ( N  2 + D 2)1 [2/~[[EkEh_k] . (7) 

The angle a [not related to the a 's  of equations (3) and 
(4)] is then defined relative to the chord normal to r, 
and 

tan a=(1-r2)l /2/r .  (8) 

Table 2. Tangent formula calculations 

Experiments 1-6 performed with B12-phosphate data, experiments 7 & 8 with myoglobin data 
Starting set 

No. of 
Experiment A Phasing reflections IEl-,in Phases out* IElmin R%t 

1 1"2 5 atoms 673 1"0 676 0-93 24"2 
2 1"2 100 atoms 673 1.0 783 0.9 25.4 
3 2.0 5 atoms 230 0.9 688 0-9 28.4 
4 2.5 5 atoms 129 0.9 348 0.9 23.4 
5:~ 1-2 5 atoms 733 0.9 640 0.9 26.7 
6~ 1.2 Isomorphous§ 355 1.0 930 0-8 28.6 
7 2.0 Calc 1546 1.5 1017 1-5 26.6 
8 2-0 Isomorphous 1546' 1.5 3191 1.2 29.2 

* Phase angles were predicted to 1.2 A (1-6) or 1.4 A (7, 8) resolution in each case. 
t R values is calculated after scaling [E[eale to [E[obs. 
1: Experiments based on calculated parent amplitudes. 
§ Phases based on calculated parent and observed derivative amplitudes (see text). 
' 154 of these phase angles were held constant (see text). 

A0~ 

(0) 
3 ° 
3 ° 
9 ° 



1734 T A N G E N T  F O R M U L A  A P P L I C A T I O N S  IN P R O T E I N  C R Y S T A L L O G R A P H Y  

Simaika (1956) has studied circular distributions such 
as this, and showed that angle a is the standard devia- 
tion of the resultant vector distribution. Fig. 4 illus- 
trates an empirical confirmation of this for the B12-phos- 
phate data. This standard deviation can now be used 
as a Fourier weighting factor, cos ah, for coefficient 
IFIh and the resultant Fourier synthesis should give 
an electron density map with minimum mean-square 
error averaged over the cell (Blow & Crick, 1959). 
Additional coefficients can be included with isomor- 
phous replacement phase angles and figure-of-merit 
weights. Another alternative would be to treat the re- 
fined phase set as though it were another derivative. 
The calculated standard deviations follow I Eloale, as 
expected, since the magnitude of r is itself an IEleale 
for a unit-radius phase circle. In practice, using the o"s 
in weighting electron density map coefficients allows 
the tangent formula to be applied to reflections with 
lower IEI values, thereby increasing the number of 
Fourier coefficients. Reeke & Lipscomb (1969) have 
shown that good quality, high-resolution protein maps 
can be calculated using only the largest reflections, so 
neglecting the very low E data should not be a problem. 

The crystal structure of vitamin Baz-5'-phosphate 
was solved by locating the cobalt atom and the 3'-PO3 
group from a sharpened Patterson summation, refining 
the phase angles based on these 5 atomic positions with 
the tangent formula, and examining an E map calcul- 
ated with the refined phases. Positions for about 75 % 
of the atoms in the molecule could be assigned from 
the E map, and the complete structure was derived a n d  
refined using Fourier and least-squares methods (Haw- 
kinson, Coulter & Greaves, 1970). Initial phase angles 
for experiments 1, 3, 4 and 5 in Table 2 were based on 
these 5 atomic positions. As a control, 5 other atomic 
positions, with the cobalt in common, were used to 
calculate initial phases in one case. These phases re- 
fined to the same solution ( + 3 °) observed in experiment 
1. The single isomorphous derivative studies, exper- 
iments 5 and 6, were done  using calculated parent 
amplitudes based on the atomic positions for the vita- 
min Bt2-5'-phosphate molecule, excluding the 5'-phos- 
phorus atom and the 2 phosphate oxygen atoms which 
were-not replaced by water molecules in the air-dried 
vitamin B12 crystal structure (Hawkinson, Coulter & 
Greaves, 1970). The observed B12-phosphate intensities 
were used as the heavy-atom derivative data. Vitamin 
B12 and vitamin B12-5'-phosphate are crystallographi- 
cally very similar, but not sufficiently isomorphous 
to permit isomorphous replacement phasing using the 
observed intensities for both compounds. 

Myoglobin data were used for experiments 7 and 8, Ta- 
ble 2. The calculated phase angles in experiment 7 were 
based on positional parameters supplied by Kendrew 
and Watson. There were 1546 reflections in the 2 ,& data 
set with IEI > 1.5; isomorphous replacement phase ang- 
les and figures-of-merit had been derived for these data 
(Kendrew, Dickerson, Strandberg, Hart, Davies, Phil- 
lips & Shore, 1960) and were used in experiment 8 and 

in phasing isomorphous replacement Fourier sections 
for comparison with the same sections calculated using 
refined phase angles. 

Resu l t s  and d i scuss ion  

Complete Fourier synthesis maps were examined in all 
of the B12 experiments. Fig. 5 shows a representative 
section from the final electro n density map for vitamin 
Blz-5'-phosphate (a) along with the same section from 
the E map (experiment 1) shown in (c) and from a 
weighted Fourier synthesis calculated using 973 coef- 
ficients with IEI > 0.5 illustrated in (b). The E map was 
used to solve the structure, but the weighted IF[ map, 
calculated later, had better defined peaks and less spu- 
rious density. For example, carbon atom R3 of the 
ribose [C(Y)] appeared at maximum density on the 
x--46/60 section of the weighted map, very near the 
final x coordinate of 46.6/60; on the E map this peak 
was spread over about 1.5/~ in x, and had significant 
density up to x--50/60. The spurious E map peak 
marked with the arrow in Fig. 5 was much lower in the 
weighted IFI synthesis, and other spurious density had 
decreased. The refined phases in experiment 2, based 
on 100 atomic positions, were the same as those based 
initially upon 5 positions. This experiment was done 
in an effort to objectively place solvent molecules in the 
cell. The solvent region was not clear in either of the E 
maps calculated with the refined phase angles, and was 
only slightly better in the weighted IFI syntheses. How- 
ever, these experiments did show that a stable self-con- 
sistent solution to the tangent formula existed, and that 
this solution was very close to the correct phase solution 
derived by standard structure analysis and refinement 
techniques. 

The effect of resolution on the behavior and relia- 
bility of the tangent formula was examined in exper- 
iments 3 and 4. Phase extension is an area where Hoppe 
& Gassmann (1964, 1968) and co-workers have been 
especially active and to which Reeke & Lipscomb 
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Fig. 4. Calculated standard deviation v e r s u s  phase error for 
B12-phosphate data. 
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(1969) and Barrett & Zwick (1970) have recently con- 
tributed some suggestions. These experiments are simi- 
lar to those of Reeke & Lipscomb (1969) as they involve 
using only the tangent formula to extend phase pre- 
dictions to higher resolutions. The results of the 1.2 A 
phase predictions beginning from 2 and 2.5/~ data are 
summarized in Table 3. The 2 A extended refinement 
has converged to the original E map phase solution, and 
the 2.5 A refinement solution is similar, but a bit fur- 
ther away. The initial number of phases in the 2.5 A 
experiment was almost too small, and these data did 

c I ' 

b. Hp 

6 @ 
(a) 

b 

°1 
© 

" ~ 0  0 

® 
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(b) 
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Fig. 5. Fourier sections for the B12-phosphate structure: (a) 
final observed Fourier synthesis (0=10) ;  (b) weighted ]FI 
map and (c) E map. Coordinate x = 50/60. 

not interact well with the higher resolution reflections 
in many cases as can be seen from the smaller number 
of phase angles which were well determined by the 
IElea]e criterion. Some E map sections for these two 
experiments are given in Fig. 6, and can be compared 
with the original E map section in Fig. 5. 

Table 3. Comparison of  refined phase angles for vitamin 
B~2-5'-phosphate based on different hfftial resolution data. 
Average agreement ,for these cases .for all the data is 

given in Table 2 

hkl IEI Refined phase* Refined phaset  Refined phase~ 

352 2-16 239 ° 237 ° 247 ° 
921 1.91 177 175 174 
216 1.80 245 240 260 
291 1-78 88 86 81 
253 1.77 263 257 255 
511 1.74 5 9 16 
431 1.66 108 119 109 
831 1.66 161 165 142 
432 1.52 162 155 151 
456 1.43 33 34 55 
274 1.24 283 292 282 
653 1.23 243 231 229 
424 1.19 101 92 88 
915 0.92 103 89 84 

* Derived ~ o m s t a r t i n g  phase set of 1.2 A resolution (ex- 
periment 1) 

t Derived from starting phase set of 2 ~ resolution (ex- 
periment 3) 

Derived from starting phase set of 2.5 .~ resolution (ex- 
periment 4) 

Coulter (1965) suggested using the tangent formula 
in conjunction with a single highly isomorphous deri- 
vative to derive a set of phase angles for a protein crys- 
tal structure. This possibility could not be tested with 
the myoglobin data because the y coordinates of the 
substituents in the double derivative for which data 
are available are nearly the same (Bodo et al., 1959). 
Neither this derivative nor the single-site derivatives 
can be easily used for crystals of space group P2~ since 
the predicted phases are centered about c~ or ~ + n for a 
given k index. Karle (1966) has suggested a method of 
phase determination for the case where the isomor- 
phous replacement contribution is always real, but this 
method was not tested here. As noted before, vitamin 
B12-phosphate is not sufficiently isomorphous with 
vitamin B12 to be used as a derivative, so experiments 
5 and 6 were done with parent amplitudes calculated 
from the B12-5'-phosphate positional parameters omit- 
ting the 5'-PO2 atoms. These exact parent amplitudes 
were used with the observed B12-phosphate derivative 
amplitudes and the heavy-atom structure factor was 
calculated from the positional parameters for the addi- 
tional 3 atoms in the derivative. Two phase angles were 
possible for each general reflection in the parent data 
set. The 355 starting reflections used in the tangent for- 
mula had the two predicted phases within 150 ° of each 
other. Fourier maps from experiments 5 and 6 were 
virtually identical, and were very similar to the E map 
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from experiment 1. Apparently this orth orhombic struc- 
ture could have been solved with a single isomorpho us 
POz derivative.* 

Myoglobin crystallizes in a polar monoclinic space 
group, P21, and represents a more difficult case for 
tangent formula applications than vitamin Blz-5'-phos- 
phate. Karle (personal communication) and others have 
noted that incorrect self-consistent phase sets fulfilling 
the Zz relation [equation (6)] are often found in polar 
space gro ups. These solutions usually involve a pseudo- 
mirror plane normal to the polar direction. When the 
molecule contains a relatively heavy atom, the tendency 
to converge to this solution or a similar one involving 
very high density at the heavy-atom site is more pro- 
nounced since the true phase angles reflect the heavy- 
atom position. Some of the results reported by Wein- 
zierl et al. (1969) on cytochrome-c data (space group 
P41) can be understood in this way, and the phenome- 
non has also been noted by Reeke & Lipscomb (1969), 
in small structures, and for myoglobin. For small struc- 
tures the difficulty has been surmounted in most cases 
by holding the initial phase angles which are considered 
most reliable constant during tangent formula appli- 
cations and only relaxing this constraint (if at all) when 
most of the data have been included. This same pro- 
cedure has been used here with the myoglobin data, 
and was used by Reeke & Lipscomb (1969) with car- 
boxypepfidase A-(also in space group P21). 

Experiment 7, Table 2 was performed with calculated 
phases to establish the existence of a stable phase solu- 
tion. It was evident that additional reflections beyond 
the original set had to be added very slowly to avoid 
convergence to a solution with a very large iron-atom 
peak. If the initial data set was refined to convergence 
(2-3 cycles) and these phases were then fixed, other 
phase angles to a resolution of 1.4 A could be deter- 
mined and included in the further predictions. This 
procedure led to a stable solution comparable to the 
true solution as judged by the similarity of the E map 
to the isomorphous replacement Fourier synthesis at 
2 A. Experiment 8 was performed, using the less accu- 
rate isomorphous replacement phase angles. Successful 
refinement was attained by beginning with the data 
for which [El > 1.5 and the figure-of-merit exceeded 
0.9 (i.e. the most reliable 10% of the isomorphous 
phase angles) and holding these pbase angles constant 
throughout the refinement. The refinement then pro- 
ceeded in stages, with 3 cycles on the IEI >-1-5 data 
followed by 2 cycles on reflections down to IEI >-1.2. 
After each cycle the most reliable new phase angles 
(large [Eleale and small shift in angle) were included in 
the next prediction cycle. Convergence behavior is 
illustrated in Fig. 7, and a graph of [¢Prefinecl--~0isom[ 
versus the figure of merit is given in Fig. 8. Sections 
from a weighted Fourier synthesis and an [El map, 
both calculated using 3191 coefficients with IE] > 1.2 

* Problems with heavy atom ghost peaks can arise in some 
cases, especially for heavy metal substituets. 

and d_> 1.4 A, are shown in Fig. 9 along with the corres- 
ponding sections from the 2 A isomorphous replace- 
ment Fourier used to derive the structure. 

In the sections thus far examined, the weighted Fourier 
map is quite comparable in quality to the original myo- 
globin IF[ best Fourier synthesis, and the IE] map is of 
similar quality except near the iron atom. Since the 
phases initially used correspond to about 10 % of the 
data, this suggests that a single isomorphous replace- 
ment derivative, which would also accurately define 
about 10 % of the large ]El phase angles, could possibly 
have been used to solve the structure had an appropri- 
ate derivative been available. The result also demon- 
strates that the tangent formula can be used with cau- 
tion to improve isomorphous replacement phase angles 
that are poorly determined. A similar conclusion for 
low-resolution phases was reported by Reeke & Lips- 
comb (1969). When the best of the beginning phase 
angles were not held constant, the system was only 
stable for 2 to 3 cycles after which it diverged or con- 
verged to a trivial solution; this behavior was also 
noted in the earlier experiments with isomorphous phase 
angles (Weinzierl et al., 1969; Reeke & Lipscomb, 
1969). In view of the problems connected with prepar- 
ing an appropriate isomorphous replacement deriva- 
tive in this space gro up, and the rather less satisfactory 
behavior of the tangent formula because of the low 

b 

L) II 

1 
) 

(a) 

0 

(b) 

Fig. 6. E map sections for B12-phosphate from (a) 2 /~ and 
(b) 2.5 A starting phases. Coordinate x= 50/60. 
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multiplicity and polar nature of the space group, it 
seems unlikely that the single isomorphous replacement 
method of solution is the best approach to solving the 
myoglobin structure. Phase extension was possible, but 
it was also affected by the above considerations. The 
iron-atom peak in every case tended to be large (2 to 3 
times the expected height relative to other peaks) and 
the desired solution was not nearly as stable as in the 
Blz-phosphate case. The high resolution experiments 
with the carboxypeptidase-A data (Reeke & Lipscomb, 
1969) were similar. For phase extension, Hoppe & 
Gassmann's suggestion (1968) to subtract the heavy- 
atom contribution from the observed intensities might 
help considerably, but this requires accurate values for 
the parent-derivative scale factor and heavy-atom 
occupancy parameters. Barrett & Zwick's approach 
(1970) uses a fast Fourier algorithm to permit refine- 
ment via Fourier transformation to real space, modi- 
fication of the real space map by eliminating negative 
density and possibly controlling the height of the heavy- 
atom peak, and transformation back to reciprocal 
space at higher resolution. This method also provides 
greater flexibility in handling heavy-atom problems 
than the tangent formula. The E(000) term is not used 
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Fig. 8. Relation between tangent formula phases and isomor- 
phous phases for myoglobin. 

in the tangent formula applications, even though it will 
be quite large for a protein. The reason is that it simply 
acts as a shift-damping factor, since the assigned phase 
angle for the ~0h+ ~0 o pair must be ~0h. The graphs and 
Fourier sections presented earlier suggest that the ab- 
sence of the E(000) term does not seriously affect the 
solution for B12-phosphate or for myoglobin. To com- 
plete this evaluation, data for a protein crystal of ortho- 
rhombic or higher symmetry crystallizing in a nonpolar 
space group should be used. Such data were not avail- 
able, and the completion of the study must await this 
application, preferably on an unknown structure. 

I wish to thank Drs Jerome Karle, Robert Dewar, 
Aaron Klug, Christopher Bingham and Stuart Hawkin- 
son for helpful discussions and assistance at various 
stages of this work. I thank Mrs Marsha Greaves for the 
figures and Drs Kendrew and Watson for the myo- 
globin data. This research was supported by the Natio- 
nal Science Foundation (GB-5504 and 8103). 

A P P E N D I X  

The tangent formula program, TANG, is a general 
F O R T R A N - I V  computer program applicable to all 
space groups and suitable for a wide range of calcul- 
ations. Fig. 10 presents a schematic summary of the 
operations. The needed data comprise a number of 
unique crystallographic reflections, some of which have 
phase angles assigned and the equivalent positions of 
the space group in Hollerith format. The program gene- 
rates equivalent reflections with appropriate phase ang- 
les and stores half the sphere for these data. Reflection 
indices with E values and phases when known are en- 
tered on cards or tape for initial input with a key label- 
ing each as a known fixed-phase reflection, a known 
variable-phase reflection or an unknown reflection 
with or without a phase angle. Only the known reflec- 
tions are included in phase predictions with the tan- 
gent formula. The data sets are usually stored on an 
auxiliary tape after the first iteration. This tape has the 
facility for storing multiple data sets on a single file, 
and the past history of each reflection is also retained; 
this system permits editing of the data between cycles. 
In each iteration TANG calculates the phase angles of 
all nonfixed reflections using the two forms of the tan- 
gent formula: 

(F--~Eh-k sin (rPk + fPh--lO)k (A1) 
tan ~0h~ (F_~Eh_kcos(cp k +~oh_k)) k 

F-~Eh-kSin(~0k + ~0h_0 
k 

tan (Ph~ Z_. -~" EkEh-kCOS(~0k-t-~0h-k) (A2) 
k 

The phase angles from equations (A1) and (A2) are 
the same, but the numerator and denominator of each 
equation are separately scaled to IEIobs over the entire 
data set by a least-squares method and the two resulting 
IEleale values differ. Both are written out. The standard 
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deviation of the phase angle is also calculated, as noted 
earlier. The phase-distribution diagram can be dis- 
played and graphs like that of Fig. 7 are printed after 
each cycle. These are measures of convergence since 
graphs of phase shift versus [Elcale or the standard de- 
viation are sensitive to the goodness of fit. The discrep- 
ancy index between IElobs and IEleale is also a useful 
measure of convergence (but not correctness). The in- 
clusion of predicted phases in the next cycle as 'knowns' 
is mainly controlled by phase shift and [Eleale filters. 

The calculation of the tangent formula can be time 
consuming. At best, a quadratic dependence on the 
number of data items can be achieved since the total 
number of interactions varies as N 2. Somecare is re- 

quired to attain this level; simple algorithms will tend 
towards N 2 log2N or N 3 dependence. The method used 
in T A N G  is linear for each fixed k to be predicted and 
thus quadratic over the entire set. The data are first 
sorted by index with a fast sorting program based on the 
method of Floyd (1964). The search forpairs then pro- 
ceeds in two steps. First, all h are found such that 
hk=hb+hk_ h. The required pairs nest about the point 
hk/2, as shown in Fig. 11. 

The midpoint is located with a binary search, and two 
pointers A and B are moved out in a single linear sweep 
which detects all such pairs. The second step is to find 
all h such that h k = hb+k + ( "  hh). 

This allows for interactions involving the other half 
. . . .  

a 8 

0 O7 

(a) (b) 

(c) (d) 

Fig. 9. Sections through the myoglobin isomorphous replacement Fourier and the Fourier maps based on refined phase angles. 
• (a) ~Jsom and (b) weighted Fourier, are sections through phenylalanine G-7 (y coordinate= 26/48); (c) E map (~Taiva)and 
(d) isomorphous replacement Fourier, cut through a portion of the E helix (y coordinate= 44./48). Residue numbers are indi- 
cated, and atoms above or below these sections are labelled (+) and (-) .  
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~ N o  

Initialize and I 
read control cards 

Read cards or locate 
data file on tape and 
edit if necessary 

i ead and store data 
in packed form 

Expand 'knowns', sort and 
store expanded set on 
a scratch tape 

l 
Read a reflection, h 
to be predicted 

Perform search 
over known indices to 
find pairs summing to h 

1 
Store calculated phase, 
unscaled Eea~e values, o-, 
no. of contributors 

I Print vector distribution 
diag ram if requested 

Done 
I 

Yes 

Scale Eeale values to Eobs, 
print results, R factors and 
graphs of ,dO vs. Eobs etc. 

~--No 
Done with 

TANG cycles? 
I 

Yes 

I Write new data 
record on tape 

Prepare Fourier 
coefficients if 
requested 

I Stop 

Fig. 10. Schematic flow chart for T A N G .  

of  the data sphere. The phase relation in this case is the 
Friedel one, (ph=-~0_ h. Fig. 12 illustrates this search. 
The first potential pair is (hf+u, hf) where hf is the first 
entry in the list. Again a linear sweep of two pointers 
locates all pairs. This algori thm has been found to be 

efficient and straightforward. It may also be applied 
to the N2 formula for the symbolic-addit ion method.  

The time required for the T A N G  cycles with the 
vi tamin Baz-5'-phosphate data was 3 to 8 minutes per 
cycle using one IBM 7094/7040 system. The longest 

A B B A 

l i = l ' l  
hk-h t" • • hk-h2" " • hk/2" • "hhl2" " "hh/1 

h h 2 + k "  • " h h l + k "  • " h f + k "  • "hh  2 '  • " h h  1" • "h f  

T t ' l I T  
Fig. 11. First step in location of pairs (hh, hk-h) Fig. 12. Second step in location of pairs (hh, hh-k). 
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myoglobin run required 20 minutes to predict 6000 
phases using 2000 known reflections. 
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The Structure of [~-Uranium 
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During a review of the various structures of uranium, one of us discovered indexing errors that affected 
a number of the investigations of the fl allotrope. These errors have been corrected, and least-squares 
refinements performed in the three possible space groups, P4z/mnm, P42nm, and P~n2, with re- 
sulting Rs values of 0.28, 0"24, and 0.28, respectively. It is concluded that the t-uranium powder data 
(Thewlis, 1952) cannot be used to determine the correct space group. 

B-Uranium, the allotrope stable between 661 ° and 
772°C, has been subject of repeated structural in- 
vestigations for over 20 years. Great experimental 
difficulties are encountered in obtaining intensity data, 
owing to the excessive reactivity of the metal and to 
the inability of  the allotrope to retain its structure on 
quenching. 

Tucker (1951), using CuKc~ radiation, obtained 
projection data at room temperature from a single 

* Present address: A. A. Noyes Laboratories of Chemical 
Physics, California Institute of Technology, Pasadena, Cali- 
fornia 91109, U.S.A. 

crystal of  a 1.4 atomic % Cr alloy of uranium that 
had been quenched from above the transition tempe- 
rature with no evidence of reformation of the c~ allo- 
trope. The lattice was found to be tetragonal with 
a =  10.52, c =  5.57 A, and Z =  30. "Systematic absences 
(Okl, k + l = 2 n + l )  admitted three possible space 
groups: the centrosymmetric P42/mnm, and the noncen- 
trosymmetric P42nm and P-4n2. A structure was pro- 
posed in P42nm based on Patterson projections using Okl 
and hkO data. No refinement was reported. P42/mnm 
was judged less favorable on the basis of detailed in- 
tensity considerations; P-4n2 was not considered. 

Thewlis (1952) published a powder pattern of t -  


